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Wavelet Approach to Flutter Data Analysis
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and
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A wavelet-based method is presented to analyze flight flutter test data. The procedure utilizes the filter action of
the continuous wavelet transform to enable damping estimation. An indication of the overall stability is obtained
from changes in the shape of the wavelet transform amplitude cross sections. The method is illustrated using simple
simulated examples and real flight-test data. A good agreement was achieved compared to classical parameter

estimation techniques.

Nomenclature
[A] = structural inertia matrix
A(t) = envelope function
a = dilation (scale)
[B] = aerodynamic damping matrix
b = translation
[C] = aerodynamic stiffness matrix
C, = admissibility constant
c = damping
[D] = damping matrix
[E] = stiffness matrix
F = excitation vector
f = frequency
fe = wavelet central frequency
I = shift frequency
I = signal sampling frequency
fu = wavelet sampling frequency
fo = Morlet function parameter
G(f) = Fourier transform of g(¢)
g(t) = wavelet function
g.,() = dilated and translated wavelet function
J = V-1
[K] = stiffness matrix
k = stiffness
[M] = inertia matrix
m = mass
S = shape parameter
t = time
t. = time centroid
v = airspeed
(W,x) = continuous wavelet transform
X = Fourier transform of x
x(t) = time-domain signal
Af = analyzing function bandwidth
Af, = wavelet bandwidth
At = analyzing function duration
Aty = wavelet duration
¢ = damping ratio
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0 air density

o) = instantaneousphase
W, = natural frequency

* = complex conjugate

I. Introduction
LUTTER is one of the most important aeroelastic phenomena.
Itis a violent instability in which the structure extracts energy
fromthe airstream, oftenresultingin structuralfailure. Flutter occurs
when the aerodynamicsforcesassociatedwith two or more modes of
vibration couple in an unfavorable manner. There are various types
of flutter; however, the greatesteffort in the design and certification
process is addressed toward linear flutter in the unseparated flow
case.
For this flight regime, the behavior of the aircraft in flight can be
described by a second-order differential equation of the form

[A]Y + (oVIB] +[DD)y + (pV2[CI+ [EDy =0 (1)

In practice, [ B] and [C] depend on unsteady aerodynamics, which
means that they are functions of the frequency of vibration, as well
as the airspeed, altitude, and wing dimensions. The system given
by Eq. (1) possesses frequencies and damping ratios in the same
manner as a system with no aerodynamic terms. However, these
parameters change as the flight condition alters.

Classical binary flutter consists of two modes, often wing bending
and torsion, whose damped natural frequencies of vibration become
closeras the airspeed increases. As the critical speed is approached,
one of the damping ratios increases, whereas the other decreases
rapidly to zero. Beyond this critical speed (the flutter speed), this
seconddamping ratiobecomesnegative,and any small displacement
will result in a divergent unstable oscillation.

The airworthinessclearance procedure!-? on allnew and modified
aircraft involves ground vibration testing to validate the structural
finite element models and wind-tunnel testing to validate the aero-
dynamic models. Finally, flight flutter tests have to be carried out
to demonstrate freedom from flutter over the entire flight envelope.
Civil prototype aircraft must typically be flutter free to a speed of
20% greater than the design dive speed.

The conventional flutter test'> consists of flying the aircraft at a
desired flight condition and then measuring the response to some
form of excitation. These data are then curve fitted to estimate fre-
quencies and damping ratios. From the trends of these parameters
against speed, or Mach number, the decision is then made as to
what new test condition to fly at. Flight flutter tests are also very
costly and time consuming. They usually combine flight conditions
involving different fuel loads, flight control gains, flight speeds, and
other important parameters.
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It is well known that damping parameters are the most difficult
to estimate accurately, and the analysis of flight flutter data is much
more difficult®* than that of ground vibrationtesting due to the noisy
environment, time constraints,and problems with instrumenting the
aircraft. Despite these difficulties, the estimates of damping parame-
ters mustbe accurate and reliableto ensurea safe clearance program.
This is not an easy task. Damping estimates in flutter tests are usu-
ally obtainedusing conventionalfrequency-and time-domainmodal
parameter estimation methods.?> Recent applications have also in-
cludedthe use of the Hilbert transform (see Ref. 4), spatial filterin g,5
and wavelets

The aim of this paper is to apply previous work on wavelet-
based analysis® to flight flutter testing. A brief introduction to the
continuous wavelet transform is given followed by a description of
the damping estimation procedure based on the wavelet transform
cross sections, including an approach using the envelope function.
These theoretical developments are initially demonstrated using a
simple multi-degree-of-freedan (MDOF) example. Results using
the approach are then compared with those results obtained using
conventional analysis approaches on simulated and real flight-test
data.

II. Continuous Wavelet Transform

The Fourier transform can be consideredas a decompositionof a
functioninto a linear combinationof harmonics weighted by Fourier
coefficients. This decomposition does not give any local informa-
tion about the function due to the infinite nature of the trigonomet-
ric functions used in the analysis. A localized decomposition can
be obtained using the wavelet transform. A brief introduction to
the relevant wavelet theory is given in this section. More detailed
analysis can be found elsewhere .

A. Definition
For all functions x (¢) satisfying the condition

+00
/ x (1)]* dt (00 2

[which implies that x(¢) decays to zero at £00], the wavelet trans-
form can be defined as

1 [ t—b
(Wex)(a, b) = 75/ x(t)g" (T) dr 3)

where b is a translationindicatingthe locality, a is a dilation or scale
parameter, and g (7) is an analyzing (basic) wavelet. Each value of
the wavelet transform (W, x )(a, b) is normalizedby the factor 1/4/a.
This normalization ensures that the integral energy given by each
wavelet g, ,(?) is independent of the dilationa.

Any function g(f) can be used as an analyzing wavelet when it
satisfies the admissibility condition’

+0o0 2
cg=/ B af <o @)

where G (f) is the Fourier transform of g(¢); g(¢) must be also a
window function to enable the possibility of time-frequency local-
ization. This additionally means that

+00
/ lg()ldr <oo0 ®)

In practice, some regularity and smoothness of the wavelet function
is also imposed. A number of different functions have been used in
the wavelet analysis. In what follows, the Morlet wavelet, defined
in the time domain as®

8(1) = exp(j27 folt]) exp[—(|t|*/2)] (6)

is applied. The Morlet wavelet can be represented in the frequency
domain as a shifted Gaussian function

G(f) = V2mexp[-27(f - £,)] (7)
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Fig. 1 Morlet wavelet function: , real part; - - -, imaginary part;
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Fig. 2 Shifted Morlet wavelet function: ——, Morlet wavelet; and
- - -, shifted Morlet wavelet: a) time domain and b) frequency domain.

The admissibility condition given by Eq. (4) is not satisfied because
G(0) > 0, which gives C, =+o00. In practice the value of f; > 5
is used,® which meets, approximately, the requirements given by
Eq. (4). Figure 1 shows an example of the Morlet wavelet function
in the time and frequency domain for different values of dilation
parameters.

In many cases the so-called shifted Morlet wavelet can be used.
Thus, instead of f in Eq. (7), (f — f,) is applied, where f}, is the
shift frequency. When the shifted Morlet wavelet is used, the fre-
quency positionof the wavelet functionis changed, butits frequency
bandwidth remains unchanged, giving a better time resolution. This
effect can be seen in Fig. 2.

In summary, the wavelet transformis an example of a linear trans-
formation that decomposes an arbitrary function x (¢) into elemen-
tary functions g, 5 (f), which are obtained from the analysing wavelet
g(¢) by dilation and translation. The time decompositionis given by
translationb. The frequency segmentation, thatis, scale decomposi-
tion, is obtainedby dilating the chosenanalyzing wavelet. These two
operations produce a basis that can represent any reasonable func-
tion. For practical purposes, the decay given by Eq. (2) is very fast
and, thus, introduces locality into the analysis. This is not the case
of the Fourier transform, where one infinite trigonometric function
gives a global representation.
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B. Properties

The wavelet transformhas a number of useful properties.” A sum-
mary of the most important time-frequency localization properties
used in the paper is given next.

The wavelet transform is a linear decomposition of a signal. For
N given functions x; and N complex valueso;, i =1,2,..., N,

N N
(Wg Zw)(cz, by =Y a;(W,x)(a.b) @®)

i=1 i=1

which shows why the wavelet analysis is convenient for multicom-
ponent signals.

It is clear from the definition that, whereas the Fourier trans-
form extracts periodic infinite waves from the analyzed function,
the wavelet transform analyzes a function only locally at windows
defined by a wavelet function. On first inspection, Eq. (3) is in gen-
eral nonlocal. The value of (W,x)(a, b) at a point (ao, by) depends
on x(t) for all . However, the conditions given by Egs. (2) and (5)
provide that the function g(¢) decays to zero at —oo and +o00. If
one assumes a fast decay, that is, the values of g(¢) are negligible
outside the interval (n, fmax ), the transform becomes local.’

The frequency localizationis clearly seen when the wavelettrans-
form is expressed in terms of the Fourier transform

+00
(Wex)(a, b) = ﬁf X(f)G,,(af)exp2nfbydf  (9)

This localizationdependson the dilation parametera. The local res-
olution of the wavelettransformin time and frequencyis determined
by the duration and bandwidth of analyzing functions’

At = aAt, Af = Af,/a (10)

where Af, and Af, are the duration and bandwidth of the basic
wavelet function, respectively. Thus, in the frequency domain, the
wavelet transform has good resolution at low frequencies, and con-
versely, good resolution at high frequencies in the time domain.
The latter case being suitable for non-stationaryand transientsignal
detection.

The wavelet transform decomposes the signal in the timescale
domain. The relationship between the scale and frequency
representations’ is illustrated here using the Morlet analysing
wavelet function. The bell-shaped Morlet wavelet filter given by
Eq. (7) can be approximated using the triangle function!®

2rlaf — il
Gph= " mlaf - hl=VE

0 2elaf — fol = V7

an

The wavelet filter central frequency and bandwidth follow from this
approximation as

Je= fo/a (12)

and
Af =7 /ma (13)

respectively. It is clearly seen that both filter parameters depend
on dilation a. Equation (12) gives also the relationship between the
scale parameterand frequency of the wavelet analysis for the Morlet
wavelet function. In general, the sampling frequency of the wavelet
fw and the sampling frequency of the signal f; do not need to be
equal. As a consequence, Eq. (12) can be modified® as

Je = (fo/a) fs/fu (14)

C. Numerical Implementation

The wavelet transform can be calculated numerically in the
time or frequency domain using Eqgs. (3) or (9), respectively. The
frequency-domain approach is straightforward and leads to the in-
terpretation of the calculation algorithm as a bank of filters. Equa-
tion (9) can be written in discrete form as

W(n,n) = mAa »_ X(f,)G"(mAaf,)exp(i2n fynAb) (15)
Jn

where f, are discrete values of frequency and Aa and Ab are the
incrementsof dilation and translation,respectively.Itis clearly seen
from this equation that the wavelet transform can be implemented
with the help of the fast Fourier transform (FFT) algorithm. This
operation can be performed by generating the family of all dilated
wavelets in the frequency domain and multiplying G*(m Aaf,) by
X (f,) before transforming the results back to the time domain using
the inverse FFT.

Because the wavelet transform is complex valued, it can be pre-
sented in terms of its amplitude and phase. It is usual to normalize
the maximum values of the modulus to 1.0, with the phase values
distributed between 0 and 2. To further enhance the interpretation
of the phase plots, if the modulus of the wavelet transform is less
than 3% of its maximum value, the phase value is not plotted. A
logarithmic scale on the dilation axis is chosen to enhance the small
dilation coefficients. Simple examples of the use of the method may
be foundin Ref. 11.

III. Wavelet Decomposition for Damping Estimation

A number of different techniques have been proposed recently
to estimate damping using wavelets.!! These procedures are based
on 1) wavelet transform cross sections, 2) wavelet domain filtering
and impulse response functions, and 3) wavelet ridges and skele-
tons. Here, the procedure based on wavelet transform cross sections
is presented. This procedure is used in the paper to estimate the
damping in the flutter vibration data examples.

A. Mode Decoupling
The MDOF system is governed by the general equation

[MIX + [C1X + [K]X =F (16)

whichis a set of N coupled equations. The impulse response of this
MDOF system can be given in general form as

N
Wty =Y Arexp(—§w, Dsin(y/1 - 8w,t +9) (A7)

i=1

where w,; is the natural frequency, N is the number of consid-
ered modes, A; is the residue magnitude of the ith mode, and §; is
the damping ratio. This response is a linear combination of single
modal components; each mode is given by an exponentially decay-
ing harmonic function. Only a few methods exist that enable the
modes to be uncoupled, for example, modal filtering'? and complex
envelope.!* More recently, the wavelet transform has been used for
mode decoupling.

Section II showed that the wavelet transform decomposes the
analyzed signal as a time-frequency filter. Because wavelets are lo-
calized in time and frequency, Equations(3) and (9) can be rewritten
for multicomponent signals as

N 1 & 1+ Atg f—b
(S-S o ()

i=1 i=1
(18)
and

N N fi +(Afg/a)
WY x Jaby=vay_ f X(f)G:,(af)
i=1 i=1"Yfi—(Afg/a)

x exp(i2n fb)df (19)
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respectively. This shows clearly the filtering action of the wavelet
transform where the wavelet analyzing function for each mode is
peaked at modal frequency f;. For the Morlet wavelet function,
the relationship between frequency and dilation and the frequency
bandwidth of the filter is given by Egs. (12) and (13), respectively.

B. Damping Estimation Procedure

It is well known that the dissipative mechanism of the system
can be detected by the analysis of the decaying envelope A(f) of
the impulse response function. For a single mode in Eq. (17), the
constitutive function A () is written in the explicit form

A(t) = Agexp[(—c/2m)t] (20)

where ¢ = £ /2./(km). The envelope function A (¢) can be obtained
using the complex envelopeapproachbased on the Hilbert transform
(see Ref. 13) Taking the logarithm of Eq. (20) gives

b A(t) = —Ew,t + Ay 21

Thus, the damping ratio & of the system can be estimated from the
slope of the straightenvelopeline A(?) plotted on a semilogarithmic
scale. This procedureis well knownin the literature,and applications
can be found elsewhere.'*!> A similar procedure can be applied in
the case of the wavelet transform.!! For the underdamped case, the
solution for a single mode of the system can be given in the form

x(1) = A(t) exp[¢ (1)] (22)

where A(t) is assumed to be a slowly varying function. For the Mor-
let wavelet function g () givenby Eq. (7), which is also the analytic
complex valued function and has good localization propertiesin the
frequency domain, the wavelet transform of the solution given by
Eq. (22) can be approximated as'®

(W,x)(a, b) = A(b)G*(ag (b)) expljp ()] + O(Al 1d) (23)

where G (-) is the frequency representation of the Morlet wavelet
function. The modulus of this function is given by

[W,x)(a,b)| ~ A(b)|G*[ag (D)]] (24)

For a single-modeconstitutiveenvelopeand instantaneousfunctions
taken from Eq. (17), this can be represented as

[(Wex)(ao, b)| & Agexp(—Ew,b)|G* (ag £ jw,y/1 - £2)| (25)

for the given value of dilation ay. The value of dilation ay can be
related to the natural frequency of the system f; through Eq. (12)
or (14). Equation (25) reveals that

bl (W) (a0, b)| & —Ew,b + ba (Ao G* (a0 £ jov/1 - £2)))
(26)

and thus, thedampingratio& of the system canbe estimated from the
slope of the straight line obtained by plotting the log of the wavelet
modulus cross section |(W,x)(ao, b)|. This result is similar to the
envelopeanalysisgivenby Eq. (21). The resultgivenby Eq. (26) was
obtained also on assumption that the analyzing wavelet function has
good localization properties in the frequency domain. In practice
when the cross section of the wavelet transform is used for the
particular value of dilation a,, the Fourier transform of the Morlet
wavelet functionis peaked at the value of frequency f; both values
are related by Eq. (12). Note that the cross section of the wavelet
transformin the scale domain can be obtained directly from Eq. (15)
without any calculation of the whole timescale plane. One can see
that the procedure based on the wavelet transform is very similar
to the procedure based on the classical complex envelope function.
The advantage over the classical procedure is the wavelet filtering
or decoupling action.

C. Shape Parameter

The shape of the cross section of the wavelet transform can give
information about the decay amplitude of the signal, which can in-
dicate the damping or stability of the system. Many parameters exist
that can be used to study the decaying nature of the amplitude. The
length of the decay, which indicates the amount of overall damping,
can be measured using the shape parameter*

S =1/t 27

where 7, is the time centroid of the wavelet cross section envelope.
It can be defined as

b oy b)bdb
tc = j;meax( gX)(a’ ) (28)
L7 (Wex)(a, b) db

0

where by, is the maximum value of time chosen to give an upper
bound to the analyzed area. For an underdamped response, a de-
crease in S indicates a decrease in the system damping. It may be
shown that, for a single DOF system, when the damping goes to
zero, then S goes to 2/b,,,. This limit gives a threshold for system
instability. The shape parameter S of the wavelet cross section does
not identify the damping of the system; however, it can be used as
an approximate measure of the overall system damping.

D. Example

As an example of the use of the proposed approach, a two-
DOF system with well-separated and closely spaced modes is an-
alyzed. The parameters of the systems are as follows: f; =20 Hz,
f>=75Hz, & =0.03, and & = 0.045 for the well-separated modes
systemand f; =25 Hz, f, =30Hz, & =0.06, and & = 0.02 for the
closely spaced modes system (although they may not seem to be
closely spaced, there is significant interaction between the modes).
Figures 3 and 4 show the impulse and frequency response of the sys-
tem, respectively. The wavelet transform for the system with closely
spaced modes is given in Figs. 5a and 5b. It is difficult to see both
modes in this case. However, these modes can be separated using
the proper values of dilation and the shifted Morlet wavelet func-
tion, as shown in Figs. 5¢ and 5d. The cross sections of the wavelet
transform amplitude for the system with close modes are presented
in Fig. 6. These cross sections were plotted in the semilogarithmic
scale in Fig. 7 and used to obtain the damping values and shape
parameters given in Table 1. It can be seen that good estimates of
damping parameters were obtained.
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Fig. 3 Impulse response functions for the two-DOF example.
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Table1 Damping estimates for the analyzed binary system

Frequency, True damping Estimated Error, Shape
Hz ratio damping ratio % parameter
20 0.03 0.02987 —0.43 5.11
75 0.045 0.04489 —0.24 17.53
25 0.06 0.06062 +1.03 6.22
30 0.02 0.01998 —0.1 3.71
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Fig. 4 FRF amplitudes for the two-DOF example.
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IV. Flutter Data Analysis

The damping identification methods based on the wavelet trans-
form cross sections were applied to simulated and industrial aircraft
flight-test data.

A. Simulated Binary Flutter Data

Impulse response data was generated at different flight speeds
using a simulated binary aeroelastic system. The frequency, damp-
ing, and airspeed parameters were chosen to match classical wing
bending/forsion vibration. The generated data were corrupted by
a Gaussian noise (signal-to-noise ratio =8 dB). Damping ratios
were estimated using the wavelet transform approach described
earlier.

Figure 8 shows a comparison between the theoretical and es-
timated values of damping ratio for two simulated modes. It can
be seen that satisfactory estimation of damping was obtained. The
shape parameters of the wavelet transform cross sections were then
calculated. The variation of shape parameters with speed are pre-
sented in Fig. 9. Here the condition of zero damping corresponds
to the shape parameter equal to 0.125 (b, = 16 s). When Figs. 8
and 9 are compared, a good correlationbetween damping ratios and
shape parameters can be observed.

B. Flight-Test Data

The wavelet transform approach was also applied to flight-test
data. The data sets were taken from the flight flutter test of a com-
mercial aircraft. Impulse response functions were obtained from
the estimated frequency response functions (FRFs) for two differ-
ent flight speeds.
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Fig. 5 Wavelet transform for the two degree-of-freedom example: a) Morlet wavelet function used, amplitude; b) Morlet wavelet function used,
phase; ¢) shifted Morlet wavelet function used, amplitude; and d) shifted Morlet wavelet function used, phase.
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Fig. 6 Cross sections of the wavelet transform amplitude presented in
Fig. 5.
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speed.
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Fig. 10 Flight flutter data: a) impulse response and b) FRF amplitude.

Figures 10a and 10b show an example of the impulse response
and the FRF amplitude, respectively, for the data representing the
lower flight speed. The impulse responses were analyzed using
the wavelet-based procedures. Figure 11 shows an example of the
wavelet transform for the data presented in Fig. 10a. It can be seen
that the proper choice of wavelet parameters allows one to focus
the analysis on the chosen modes. The wavelet transform cross sec-
tions for these modes are presented in Fig. 12. For this work, it was
decided to analyze the two dominant modes at each flight speed.
A drop in the amplitude of the wavelet cross section representing
the first mode, at about 2.5 s, can be observed in Fig. 12a. This
effect is due to the interaction between the closely spaced modes;
the first mode has not been isolated effectively. The effect is much
less pronounced for the second mode.

The damping ratios can be still estimated using the semilogarith-
mic plots givenin Fig. 13. A linear curve-fitting procedure was used
to obtain the slope. The values of shape parameters were calculated
for the cross sections given in Fig. 12. The estimated frequency,
damping, and shape parameters values for two different flight speed
are shown in Table 2. Here the results are compared with two con-
ventional time-domain system identification methods, namely, the
least-squares complex exponential and smith least-squares algo-
rithms (see Ref. 3). It can be seen that there is a good agreement
between the results obtained using all methods. The shape parame-
ters increase monotonically with the change of damping and, thus,
also give the indication of the decrease in the damping.
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Fig. 11 Wavelet transform amplitude for the flight flutter data.
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Fig. 12 Wavelet transform amplitude cross sections for the flight flut-
ter data.
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Fig. 13 Semilogarithmic plots for the wavelet transform amplitude
cross sections.

Table2 Estimated damping ratios for the flight flutter data

Damping ratio &

Flight Frequency, Wavelet shape

speed Hz SLS LSCE  Wavelets parameter
Low 2.69 0.0140 0.0264  0.0120 0.195
Low 3.25 0.0242 0.0267  0.0242 0.389
High 2.69 0.0081 0.0133  0.0088 0.174
High 2.88 0.0068 0.0073  0.0067 0.166

V. Conclusions

A wavelet method suited for the analysis of flutter data has been
presented. The method uses changes in the shape of the continuous
wavelet transform cross section to allows the user to get a mea-
sure in the overall change of stability. Similar damping estimates
were obtained on simulated and real flutter test data sets compared
to conventional curve-fitting methods. The examples highlight the
ability to use the wavelet transform to highlight modes of interest.
The procedure presented is relatively simple but is seen as com-
plementing rather than replacing existing techniques. Further work
with either real flight or wind-tunnel data is required to fully eval-
uate the procedure, in particular for the applicationto time-varying
systems.
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